We propose to use nonlinear elasticity to model the propagation of cracks in cooling lava. In particular, our work aims to understand the enigmatic fracture process that leads to the formation of column joints. Column joints are plane fracture surfaces fragmenting a basalt flow into prismatic columns. These columns are characterized by their polygonal cross-section and usually exhibit a strikingly high degree of regularity. We present a variational model with the assumption that the fracture process seeks to minimize the total energy of the system. The expression for the elastic energy is simplified and the configuration of minimal energy is analytically determined by a rigorous derivation. Further, we study the behavior of the energy under Steiner and Schwarz symmetrization of the column cross-section. In particular, we prove that the minimum of the energy among all possible convex and bounded column cross-sections B ⊂ R 2 is attained when B is the two-disk. Our results thus give strong evidence supporting the conjecture that the minimal energy is attained for a regular hexagon when the column cross-section is further required to tile the plane.
Introduction
Column joints are characteristic fracture surfaces resulting from the solidification of molten lava. They form remarkable alignments of vertical basaltic columns with clear-cut polygonal cross-sections. A particularly impressive and famous example of column joints is given by the Giant's Causeway in Northern Ireland (see Ref. 18) . However, many similar formations are to be found throughout the world, such as the Devil's Tower in Wyoming, Fingal's cave on Staffa Island (Scotland) or the Kilauea Iki lava lake in Hawaii, to mention just a few.
Although many theories have been put forward to explain how the columns are formed and why they develop features of such a remarkable regularity, none of these are carefully formulated mathematical models that describe the mechanics of the problem and can lead to quantitative predictions. To the best of our knowledge, this paper is the first attempt to approach the problem with a rigorous mathematical model. This model leads to several difficult mathematical questions that could not be solved in the scope of this work. However, some simplifying assumptions allowed us to gain a significant insight into the problem. In particular, our results make it possible to predict the column width as a function of the temperature distribution in the cooling lava.
Typically, column joints exhibit a honeycomb-like structure. In contrast to icewedge polygons, which normally form an orthogonal fracture system where the crack surfaces are often curved in such a way that the cracks intersect at right angles, column joints form linear cracks that do not meet orthogonally. Most often, the angle between two intersecting cracks is approaching 120
• C (see p. 88 in Refs. 4
and 18). Although the columns do not always have the same number of faces, most of them have either five or six sides. Many have a nearly hexagonal cross-section, suggesting that an ideal flow of completely homogeneous lava would have produced a perfect alignment of hexagonal columns.
Although the degree of perfection of the crack pattern varies considerably between different lava flows or even between different regions within the same flow, the whole structure usually stands out as exceptionally regular. The columns between the joints are generally vertically erected, forming an alignment of polygonal prisms. In general, the lava flow in which they appear can be divided in three different regions. The upper colonnade, at the top of the flow and the lower colonnade, at the bottom, usually consist of the (quasi-) hexagonal vertical prisms that are characteristic for column joints. These two regions are generally separated by a curvi-columnar zone with curving, irregular columns of relatively small diameter, that converge to the upper and lower colonnade.
The column diameter is subject to large variations depending on the lava flow. The diameter typically ranges between 30 cm and 1 m for most flows, but the columns of the Devil's Tower average 2.3 m and some of them even reach 5 m in diameter (see Ref. 2) . Equally, smaller flows such as the "Boiling Pots" in Hawaii can lead to the formation of smaller columns (about 20 cm). Also, in dikes and sills, where the lava has cut across other rock beds, there are examples of column joints that are only a few centimeters wide. Characteristically, though, the width of the columns is uniform within one given flow. A precise description of the joints is given by Spry. 23 A detailed historical account can further be found in Ref. 24 , and an excellent introduction is given in Ref. 4 .
Though extensive work that has been carried out on the subject of columnar jointing (e.g. Refs. 22, 17, 16, 23, 15, 9, 10, 20, 25, 12 and 7 and references cited therein), several essential aspects of the fracture process remain enigmatic. The various proposed models involve very different mechanisms, but in most of them the actual fracture process is ultimately attributed to the contraction of the solid lava upon cooling. Ryan and Sammis 20 observe that column joints must result from an
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incremental fracture mechanism in the lower part of the crust, in the layers between 700
• C and 800
• C. This mechanism can be summarized as follows: In a first phase, thermal stresses build up under the crack front. The temperature of the lava drops below the glass transition temperature (≈725 • C) and the lava thus becomes brittle ("reduced creep"). As the stress exceeds a critical value, the crack front propagates downward, past the zone corresponding to the glass transition temperature, and penetrates into a region of higher temperature where the material is grainy and less brittle ("enhanced creep"). The material rearranges itself in a plastic manner in this lower region where the lava is essentially stress-free and the crack front stops propagating. The next crack increment occurs when the lava has cooled down at the crack tip and new stresses have built up. Ryan and Sammis claim that the crack advance depends on the thermal gradients in the cooling lava. In particular, they give a simple formula which predicts the crack advance as a function of the vertical temperature gradient and the mechanical properties of the material. It is our view that the cyclic fracture process proposed by Ryan and Sammis together with the experimental evidence given in Ref. 21 yields a persuasive model of the incremental crack advance into the solidifying lava. However, two fundamental questions remain open.
First, it is unclear as to why the columns resulting from columnar jointing tend to have a hexagonal cross-section. It has often been stated that a hexagonal fracture pattern is favored since it requires a lesser amount of energy than other fracture patterns: "The smallest amount of work is done by separating the surface into hexagons rather than into squares or triangles" (Ref. 13) , "a system of interlocking equidimensional hexagons involves the lowest amount of fracture area per unit volume, the rock surface would be broken by a system of hexagons before sufficient energy could accumulate to cause breakage of into triangles, squares, squares, etc." (see Ref. 23 and references cited therein). Although it is true that a given hexagonal tessellation involves less fracture surface per unit volume than a tessellation with squares or triangles of the same area, it is not clear why a tessellation with larger squares (or triangles), such that the fracture surface is the same as for the given hexagonal tessellation, should not be preferred.
The second fundamental question concerns the column diameter. What determines the column diameter in the cooling process? It has often been conjectured that the diameter of the columns depends on the cooling rate of the lava. In Ref. 11, Iddings suggests that "the more rapid the cooling in any given rock, the closer together will be the cracks due to shrinkage". Indeed, Spry 23 reports that the cooling rate in the center of a sill flow is 1.5 times greater than that at a contact point with the surrounding rock, which would corroborate the fact that the curved columns in the curvi-columnar zone of the entablature (that is, in the middle of the flow) are generally much thinner than in the colonnades. Although Spry remarks that "The greater rate of cooling near the center and hence the greater rate of release of energy could produce smaller hexagons", it is not really clear why a greater cooling rate should lead to smaller columns. In fact, a homogeneous piece of rock that is cooling down in such a way that it has a constant temperature distribution throughout the body at all times should be stress-free regardless of the cooling rate, and thus not produce any cracks at all. As postulated by Ryan and Sammis in Ref. 21 , it seems more likely that the vertical thermal gradient in the solid lava determines the column diameter. However, there is no precise explanation given in Ref. 21 as to why this should be the case, and how exactly the column diameter would depend on the temperature gradient.
Following Refs. 4 and 1, we take the point of view that columnar jointing is essentially a mechanical problem that can be understood with a variational model based on elasticity theory. In Secs. 2.1 and 2.2, we define the analytical setting and the underlying assumptions of our model. The model is based on the simultaneous minimization of two energies: the bulk energy of the solid lava under stress and the surface energy corresponding to the fracture surface. The surface energy contains a parameter α, which we interpret as an "effective crack length". After linearizing of the stored-energy function W that describes the mechanical response of the thermoelastic material and reducing the problem to a restricted class of configurations, we then derive an explicit analytical expression for the configuration of minimal energy. In Secs. 2.3 and 2.4, we prove rigorously by symmetrization arguments that the energy would be minimal for columns that have a cross-section of the shape of the disk (Theorem 2.1). Finally, the analysis is supplemented with numerical results in Sec. 3.
A Model Based on Nonlinear Elasticity Theory
The analytical setting
We assume that the lava lake we model is both very large and very deep. It is unlikely that the boundaries have a strong impact on the fracture process in the middle of a large lava flow. Also, to discard irrelevant boundary effects that are difficult to handle from a mathematical point of view, we consider the idealized situation of a lake that is infinitely deep and whose surface covers the whole of the two-dimensional plane. In addition, we assume the lava to be truly homogeneous and its temperature distribution to depend only on the vertical coordinate at all times. As a consequence, the lava is assumed to solidify evenly from the top, so that the vertical thickness of its solid part is independent of the horizontal coordinates.
The reference configuration of the lava lake thus consists of the half-space
and at a given time t ≥ 0 the crust occupies the region R 2 × (z 0 , 0), where z 0 = z 0 (t) < 0 is the solid-liquid interface.
We also assume that all the cracks initiate at the top of the crust and propagate downward at the same speed as the lava solidifies. In particular, the crack front progresses uniformly at a depth z c (t) ≤ 0, where t → z c (t) is a nonincreasing function of t. It was observed by Peck and Minakami 19 that the crack pattern is irregular at the beginning of the fracture process. It is often conjectured that the crack pattern undergoes topological changes (a crack forks in two or several cracks merge together) and gradually gains higher symmetry as the cracks propagate downward (cf. Refs. 25 and 12) . When the cracks have attained a certain depth, the crack front only progresses in the vertical direction, following a stable and regular pattern. We ignore the unstable initial phase of the fracture process and assume that the crack set takes the form
where the two-dimensional crack pattern C ⊂ R 2 is given by a simple tiling
T i open, simply connected and bounded,
The lava lake can be divided into three different regions:
• The liquid phase. The lava is liquid for temperatures above the melting temperature θ 0 = 1000 • C. This corresponds to the region z ≤ z 0 (t), where z 0 (t) is the highest point with θ(z) = θ 0 .
• The lower part of the solid phase. For z 0 (t) < z < z 1 (t), where z 1 (t) is the lowest point with θ(z) = θ 1 = 100 • C, the heat transport is governed by the heat
where κ is the conductivity coefficient of the solid lava.
• The upper part of the solid phase. In the region z 1 ≤ z < 0, the presence of water and vapor generates a two-phase convective regime where the temperature is constant (θ(z) = θ 1 = 100
Correspondingly, we assume here that the temperature profile at time t = 0 satisfies
, and
Although we have extended θ(·, 0) to the whole of R, we will not assign any physical meaning to θ(z, t) for z < z 0 and z > 0. In particular, θ(z, t), z > 0, is
Jungen not the ambient temperature. Ryan and Sammis 21 observe that the temperature distribution θ(z, t) of the lava strongly depends on external factors such as the frequency of rainfall or the ambient temperature. Further, the appropriate initial and boundary conditions for the heat equation (2.2) are unknown. We circumvent these difficulties by assuming that the temperature profile is time-invariant in the sense that there is β > 0 with
We interpret the constant β to be the cooling rate of the lava. Then by (2.3) it follows that
and θ(z, t) is uniquely determined by θ(·, 0) for all times t ≥ 0. Also, the heat equation (2.2) becomes
and therefore
As lava is a poor heat conductor, we can assume the cooling rate β to be small. In fact, it can take many years for a lava lake to cool down. As observed in Ref. 20 , in 1962 the crust of the Kilauea Iki lava lake in Hawaii was increasing by approximately 1.3 cm per month. This corresponds to β ≈ 5 · 10
Discarding terms of order (β/κ) 2 in (2.5), we find
This corroborates the linear temperature distribution found in Ref. 21 . In the remainder of this paper, we shall write θ(z) instead of θ(z, t) when the time t does not play a significant role.
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The work of Ryan and Sammis 21 suggests that the crack front propagates down to the region where the glass transition takes place (θ(z) = θ gl ≈ 725
• C). Below this region (i.e. for θ > θ gl ), the material rearranges itself in a plastic manner, so that it is essentially stress-free. Although the lava is not exactly liquid just above the glass transition temperature, its weak mechanical response allows us to discard the region between 725
• C and the melting temperature (approximately 1000
• C). As we ignore the incremental character of the fracture process, we can assume that
We consider a single column of solid lava whose reference configuration is
B ⊂ R 2 is the two-dimensional cross-section of the column. For notational convenience, we redefine our coordinate system setting x 3 := z − z c (t), so that the plane x 3 = 0 corresponds to the glass transition interface and x 3 = −z c (t) =: d > 0 is the surface of the lava lake. Then the reference configuration of the column we consider becomes
Unless stated otherwise, we require that θ belongs to W 1,∞ (R) and that the continuous representative of θ satisfies
for some h > 0. We define the contraction of the solid lava as
where a > 0 is the thermal expansion coefficient of the solidified lava. Clearly, η depends on the temperature distribution θ. Further we assume that the mechanical properties of the solid lava are well described by a stored-energy function W :
1, we suppose that the lava is stress-free when it attains the glass transition temperature θ gl , so that the resulting solid is homogeneous at constant temperature (i.e. η = const.). Then W takes the form
Assuming that W is frame-indifferent and isotropic, it follows that
, let s i = s i (A) denote the singular values of A (that is, the eigenvalues of the positive definite 3 × 3 matrix
Furthermore, we choose Ψ to have the form
where Φ is the stored-energy function of the solid lava at the glass transition temperature θ gl = 725
• C, which corresponds to η = 1. The factor η 2 in (2.11) is chosen so that the elastic moduli of the material are independent of its temperature (see Sec. 2.2). In a stress-free configuration (i.e. at constant temperature), the identity should be the only natural state. We thus require that
(2.12)
Then Ψ attains a unique global minimum for s 1 = s 2 = s 3 = η.
A quadratic approximation of the stored-energy function
In general, the precise form of Φ cannot easily be established empirically. One may ignore this difficulty and choose Φ to be of the form
and
However, even when Φ takes the seemingly simple form given by (2.13), the problem of finding the deformation of minimal elastic energy on a given domain remains intricate. For explicit calculations, it is therefore useful to approximate the stored-energy function
when A is close to the pointwise minimum A = η(x 3 )I. We assume that our stored-energy function W (x 3 , ·) is smooth. Applying Ref. 1, Lemma 4.1 (p. 955), to
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Discarding terms of order o(|A − η(x 3 )I|
2 ), we set
(2.14)
For B ⊂ R 2 open, bounded and d > 0, we define the elastic energy as
Note that E B is invariant under transformations y →ỹ with
We thus set
where
in Ω B for some skew-symmetric matrix A.
Proof. Proposition 2.1 follows from Korn's inequality and the convexity of the map y → E B (y). For details, see Ref. 14.
Analyzing a particular class of deformations
is well defined for any B ∈ B. We call α · µ 0 /ρ(B) the fracture energy, and E(B) the total energy of the set B. µ 0 is the physical constant corresponding to the fracture toughness of the material. α is a positive parameter with the dimension of a length, whose significance is discussed below.
1150006-9
M. Jungen
We assume that the fracture process leading to the formation of column joints seeks to minimize the total energy E(B) given by (2.16) as the crack front progresses downward. The total energy is the sum of two terms: the elastic energy
and the fracture energy
Neither of these terms should be expected to be very large for a crack pattern that propagates downward in a stable manner. Indeed, if B represents a very wide hexagon (in the case of large hexagonal columns), it seems likely that the cracks would tend to converge toward each other to form smaller hexagons and hence reduce the bulk energy. On the other hand, if the cracks form a collection of very small hexagons, the amount of fracture energy will be substantial. One would therefore expect the cracks to diverge away from each other, to produce larger hexagons. This suggests that the fracture process results from a balance of these two terms. Since both quantities correspond to physical energies, we assume that their sum E(B) has to be minimized.
In our model, the "ideal" cross-section B should not depend critically on d (at least when d is large), but only on the temperature distribution in the solid lava. In other words, for a fixed temperature distribution in the crust, we expect that B(d) converges to some fixed cross-section B ∈ B as d → ∞. Correspondingly, we interpret α as an "effective crack length", which does not depend on d.
We therefore base our model on the following postulate.
Postulate 1. The fracture process leading to the formation of column joints singles out the geometry B which corresponds to the minimum of the total energy
E(B), B ∈ B
with E(B) is given by (2.16), and where α > 0 is an undetermined constant.
A discussion of the problem of proving the existence of a set B ∈ B minimizing the total energy E(B) can be found in Ref. 14. This problem is unsolved but we now show that we can solve it explicitly in the linearized case for a particular class of deformations. We fix B ∈ B and set
It is easily seen that in the case where the temperature distribution is linear in x 3 , i.e. However, in our case θ is only piecewise linear: The data presented by Ryan and Sammis in Ref. 21 indicates that the temperature in the solid lava decreases linearly as a function of the height x 3 until the temperature of the material has dropped to 100 • C. Above that, the temperature stays constantly at 100
η(x
• C due to the two-phase water vapor convection. We therefore write
where γ is the temperature gradient and h < d is the height of the lowest point with θ(x 3 ) = 100
• C. In particular θ gl − γh = 100
with g = aγ. In principle, one would like to determine the minimum of the linearized bulk energy
over the whole space W 1,2 (B × (0, d) ). This appears to be an unrealistic task, however, for a general domain B ∈ B. We therefore study E B over a restricted class of deformations A B containing the deformations of the form y(x) = y(x) + u(x) with 
Clearly, we can assume R = I and v = 0 in (2.23), and hence y(x) =ỹ(x), if we translate B appropriately. Indeed, for R, v as above and B ∈ B, we can define
The minimum of E B over the restricted class of deformations A B can now be computed explicitly. 
Further,
30)
Proof. First, note that λ + 2µ = (2λ + 3µ)/2 + µ/2 > 0 and
Hence κ is well defined in (2.27). Consider a fixed y ∈ A B . Shifting the coordinates and replacing B with σ v (B) for some v of the form (2.23), we can assume without loss of generality that y =ỹ (see the above remark). Hence we can write y(x) = y(x) + u(x), where u takes the form (2.20). We then find
with ψ, χ as defined in (2.28) and (2.29). The integrand of (2.31) is quadratic in β (x 3 ) and attains its pointwise minimum for β (x 3 ) = −α (x 3 )ψ. We thus have
The minimum of (2.32) over α ∈ W 1,2 (0, d) is attained and can be computed explicitly (see Ref. 14) . A straightforward calculation then leads to: 
For ϕ, ψ > 0, set
As the function
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is increasing on R + for any p > 1, the function ψ →F (ϕ, ψ) is increasing in ψ for any ϕ > 0 (recall that h < d). Similarly, it can be seen thatF (ϕ, ψ) is increasing in ϕ for any fixed ψ > 0. We now make use of a result that will be proven in Sec. 2.4 (see Proposition 2.3).
For ψ and χ defined as in (2.28) and (2.29), we have
where D ∈ R 2 is the two-dimensional disk centered at 0 with |D| = |B|. Applying (2.35) to the set σ v (B), we have
The proof of Proposition 2.2 is therefore complete. Remark 2.1. Assume that B ∈ B is such that there is v 0 of the form (2.23) with
AsF is increasing both in ϕ = χ − ψ 2 and ψ, it then follows that the minimum of F (v) is attained for v = v 0 . Assume for example that B is the disk D ⊂ R 2 centered at the origin. Then by (2.35),
Thus (2.30) is minimal for v = 0. In particular, σ v (B) = B and hence
We will show in Sec. 3.1 that the same is true if B is a regular hexagon, a square or an equilateral triangle with their center of mass centered at 0 (see Lemma 3.1).
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Shape optimization
Recall that the first fundamental question raised by columnar jointing is that of understanding why the columns have a hexagonal cross-section B. From a mathematical point of view, one would want to prove the following conjecture. A proof of Conjecture 1 would reach far beyond our means. The first difficulty comes from the lack of a tractable characterization of the set of prototiles P as we defined it above. Tilings of R 2 are rather poorly understood and there is no method so far to decide whether a set B ⊂ R 2 tiles the plane, even if B is assumed to be bounded and convex.
Conjecture 1. Let
The second difficulty lies in the task of comparing E(B 1 ) to E(B 2 ) for given sets B 1 , B 2 ∈ P, so as to prove (2.36 
where D ∈ R 2 is the disk centered at the origin with |D| = |B|.
To carry out the proof of Proposition 2.3, we need the following lemma.
Lemma 2.1. Let A r,R denote the open annulus with inner radius r > 0 and outer radius R > r, i.e.
A r,R := {x ∈ R 2 | r < |x| < R}.
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For ε ∈ (0, 1], set Proof. Let 0 < ε ≤ 1. Clearly
In particular, the function
is decreasing and has range [1/2, ∞). On the other hand, it is readily verified that
as claimed.
Proof of Proposition 2.3. Consider B and D as in Proposition 2.3. For any λ > 0, we have
Replacing B with π/|B| · B if necessary, we can therefore assume that D is the unit disk B 1 (0), and correspondingly |B| = |D| = π.
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Further, choose r 1 < R < r 2 such that |A r1,R | = |B 1 | and |A R,r2 | = |B 2 | (see Fig. 1 ). In particular,
and likewise,
1150006-17
Therefore, by (2.40) and (2.41),
Setting ε := r 2 1 + 1 − r 1 , we have
Thus, by Lemma 2.1,
and hence, with (2.42) we find
This leads us to our main result. 
and α, µ 0 > 0.
Then there is a disk
Proof. Fix B ∈ B. We recall from the proof of Proposition 2.2 that the function F given bŷ
, is increasing in both of its arguments ϕ and ψ. Also, by Proposition 2.2, there is
By Proposition 2.3,
where D is the disk centered at 0 with |D| = |σ(B)| = |B|. On the other hand, we have (see Ref. 14 and references cited therein)
and hence
As
we have 
Numerical Results and Conclusion
In Sec. 2.3, we derived an explicit expression for the minimal energy configuration for our model of columnar jointing. The minimal energy is a function of the two-dimensional cross-section B ∈ B. By Proposition 2.2, this dependence can be expressed in terms of the quantities
In the next section, we shall compute ψ and χ for some simple geometries.
The quantities ψ and χ for some simple geometries
Recall that for any r > 0
(B) and χ(rB) = r 4 χ(B).
In particular,
for any B ∈ B. It is therefore sufficient to consider domains that satisfy |B| = 1. Let D denote the disk centered at 0 with |D| = 1. Then
Further, we have
Similarly, let H ⊂ R 2 be a regular hexagon centered at the origin with |H| = 1. Then a straightforward computation shows that Trivially,
Finally, let T be an equilateral triangle centered at 0 with |T | = 1. We then have
Also,
We note that
Further, Further, if B also satisfies
Remark 3.1. For any domain B ∈ B, (3.14) can be achieved by translating B in such a way that the center of mass coincides with the origin. In contrast to that, the reader will easily be convinced that for a generic B ∈ B, there is no rigid deformation that can be applied to B so that both (3.14) and (3.16) hold.
Proof of Lemma 3.1. Rescaling B if necessary, we can assume without loss of generality that |B| = 1. Let v = (v 1 , v 2 ) = (0, 0) and assume that (3.14) holds. Then 
In particular, χ(B + v) > χ(B).
Hence
It is readily verified that both (3.14) and (3.15) are satisfied for B = D, H, S, T . Hence we have
for any v ∈ R 2 \{0} and B ∈ {D, H, S, T }.
Plots and discussion of the model
For r > 0 and B ∈ B with |B| = 1, we set
By Proposition 2.2,
with ψ = ψ(B), χ = χ(B) as in (3.1), and
At an advanced stage of the fracture process, the solid part of the lava is very thick, so that we may take d = +∞. Then The data available on the fracture toughness of different types of basaltic rocks indicates that values close to µ c = 50 J are appropriate. We thus take µ 0 = 1/2 · µ c = 25 J in (3.20) . The factor 1/2 is present to avoid counting the boundaries of two neighboring columns twice. As we do not have any empirical data that would allow us to determine the "effective crack length" α in (3.20), we begin by setting α = h. We can then plot the function r → E(B, r) for B ∈ {D, H, S, T } (where the ordinates are given in kilojoules per square meter).
We infer from Fig. 2 that
E(D, r) < E(H, r) < E(S, r) < E(T, r)
for any r > 0. (3.22) This is consistent with the observation that (for fixed values of λ, µ, and h), the function 
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M. Jungen is increasing both in ϕ and ψ for any r > 0. Indeed, as by (3.20), we have
for any B ∈ B and any r > 0, (3.22) directly follows from (3.10), (3.11), together with (3.12). We now fix B = H and vary the temperature gradient γ. Note that by (3.21), the value of h depends on γ. We choose α = 10 m and plot the graph of the function r → E(H, r) for several values of γ.
We see that the different graphs in Fig. 3 converge to a single curve as r → 0 + . This corroborates the fact that the first term in (3.20) , which corresponds to the bulk energy, tends to 0 as r → 0 + . Indeed,
Thus, for small values of r, the total energy nearly coincides with the fracture energy
In particular, (3.23) does not depend on the temperature gradient γ. On the other hand, the value of γ has a dramatic effect on the energy for large values of r. Note that it can be seen from (3.20) that (in appropriate units) For all the graphs in Fig. 3 , we have chosen α = 10 m. We next fix the temperature gradient γ = 146
• C m −1 and plot the function r → E(H, r) for different values of α (see Fig. 4 ). Figure 4 clearly shows that for a fixed temperature gradient γ the general shape of the graph of the function r → E(H, r) does not exhibit a very sensitive dependence with respect to α.
In our model, the diameter of a hexagonal basaltic column is given by
In accordance with Postulate 1, the value of r in (3.24) is determined by the minimization of E(H, r) over all r > 0. Also, for B ∈ B we define
as the unique solution to the equation
E(B, r).
The graph of r min against α for B = H and γ = 146
• C m −1 is shown in Fig. 5 .
As our model is based on several approximations (the quadratic approximation of the stored-energy function, the restriction to a specific class of deformations), our numerical results are not to be taken at face value. Keeping this in mind, we infer from This is not unrealistic, as most columns joints were found to have a face width between 0.3 and 1 m. Considering that the Kilauea Iki lava lake is a rather deep lava flow, a value of diam(r min H) between 1 and 2 m is not out of range. Setting α = 10 m, we can finally plot r min against the temperature gradient γ (see Fig. 6 ). 
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Clearly, the graph in Fig. 6 shows that the value of r min is subject to strong variations with respect to changes in γ for low temperature gradients. We note, in particular, that Yet the graph flattens down considerably for larger values of γ. Clearly, the temperature gradient cannot be assumed to be exactly constant in plane over the whole lava lake (or as a function of time) in reality. Thus, the graph in Fig. 6 suggests that lava lakes with a fast cooling rate (due to frequent rainfall, for example) should generate basaltic columns that are more regular than those resulting from lava flows that cooled down less rapidly, producing wider columns.
Conclusion
Although there are currently no experiments (to the best of the author's knowledge) that would allow us to determine the parameter α, our model yields results that are qualitatively convincing. For the choice of α = 10 m the model predicts a column diameter of approximately 1.3 m for the Kilauea Iki lava lake in Hawaii, which lies in the expected range. Furthermore, the general behavior of both the column diameter and the minimal energy as functions of the temperature gradient are quite persuasive. While more experimental data is needed to confirm the validity of our analysis, the numerical results strongly suggest that our model is successfully capturing the essential physical principle governing the fracture process. Also, we were able to show that the ideal geometry for the column cross-section would correspond to a disk. This strongly suggests that the cross-section with the lowest energy among those tiling the plane is given by a regular hexagon.
A line of work that could be investigated in the future is the derivation of a model where the crack propagation is not continuous, as we assumed here, but discrete, as suggested by the work of Ryan and Sammis. Since the cooling process itself is continuous, different criteria have to be introduced for the propagation and arresting of the cracks. In particular, such a model should be able to predict the incremental crack advance corresponding to the striations that can be seen on the columns.
Further, it would be of interest to model the solidification of the lava at the bottom of the lake. In principle, one would expect the cooling to be slower in the lower part of the lake, since the lava is not exposed to external cooling factors such as wind and rainfall. One might therefore expect the temperature gradient to be smaller, leading to the formation of thicker columns. Yet as pointed out by Tomkeieff in Ref. 24 , the columns of the lower colonnades at the Giant's Causeway are in fact thinner than those of the upper colonnades. In order to derive a realistic temperature profile in the lower part of the lake, one would have to determine the suitable boundary conditions to the heat equation both at the solid-liquid interface and at the bottom of the lake. Once the temperature profile has been determined, either analytically or by a numerical method, the models presented in this paper could then be used to predict precisely the column diameter.
